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A THEOREM ON ZETA FUNCTIONS
ASSOCIATED WITH POLYNOMIALS

MINKING EIE AND KWANG-WU CHEN

ABSTRACT. Let 8 = (f1,...,0r) be an r-tuple of non-negative integers and
Pj(X) (j =1,2,...,n) be polynomials in R[X7, ..., X,] such that P;(n) >0
for all n € N” and the series

> Pin)®

neN”
is absolutely convergent for Re s > 0; > 0. We consider the zeta functions
Z(Pj,B,s)= Y. n’P(n)™°, Res>|[f+0;, 1<j<n
neN”

All these zeta functions Z(H?:1 Pj,B,s)and Z(Pj,3,s) (j=1,2,...,n)are
analytic functions of s when Re s is sufficiently large and they have meromor-
phic analytic continuations in the whole complex plane.

In this paper we shall prove that

n 1 n
Z([1 Py 8.0) = — > Z(P;,8,0).
j=1 Jj=1

As an immediate application, we use it to evaluate the special values of zeta
functions associated with products of linear forms as considered by Shintani
and the first author.

1. INTRODUCTION AND NOTATION

As usual, we let R and C be the field of real numbers and the field of complex
numbers, respectively. N denotes the set of positive integers.

Let Pj(X1,...,X;) (j =1,...,n) be polynomials of r variables such that P;(n)
> 0 for all n € N” and the series

> Pim) = ...> Pn,...,n)"°

neN” ni=1 ny=1

is absolutely convergent for Re s > ¢; > 0. Let 8 = (f1,...,0-) be an r-tuple
of non-negative integers. Consider the zeta function Z(P;, 3, s) associated with P;
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defined as
Z(Pj,B,5) =Y _ n’Pi(n)~*
neNr
= Z Z nit P Pi(ny, ... ,n.)7%, Res>o;+ |4,
ni=1 n,=1

where |8 =61+ ...+ G-
To see the analytic continuations of this kind of zeta functions, we need

Proposition 1 (Zagier [11]). Suppose that o(s) = Y 5o oaaA"° (A ranges over
a sequence of positive numbers tending +00) is a Dirichlet series converging for
sufficiently large Re s, then f(t) = Y \.oaxe ™ is the corresponding exponential
series. If at t = 0, f(t) has the asymptotic expansion . Cpt™'? where ng is
an integer and p is a fized positive integer. Then

n>n

(1) ¢(s) has a meromorphic continuation in the whole complex plane.

(2) @(s) has a possible simple pole at s = —n/p, where n is not a multiple of p if
n > 0, with residue C,,/T'(—n/p) and no other poles.

(3) #(0) = Co.

For a given polynomial P(X) € R[X1,...,X,] such that P(n) > 0 for all n € N",

the series
> Pi(n)*
neN”

is absolutely convergent for Re s > ¢. Suppose that
P
P(X)= Y CoX®  p=degP(X);
|a|=0
where |a| = a1 + -+ + @, is the degree of X* = X' ... X% . Let
P
QX t) =Y Coxorrlel,
|a|=0
Then Q(X,t) is a homogeneous polynomial of degree p such that
Q(Xt,t) =tPQ(X,1) =’ P(X).

As in [11], by applying the classical Euler-Maclaurin summation formula repeatedly
to the function

9(t) = 3 (nt)em 0t

neN”
0o [e%)
=Y ey )M (ngt)rem Qb s,
ni=1 ny=1

we get that g(¢) has an asymptotic expansion of the form

Z ant"

n>mgo
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as t approaches 0. It follows that
= Z n? exp{—P(n)t}

neN”

has an asymptotic expansion of the form
S e

n>no—|B|
as t approaches 0. By Proposition 1, Z(P, 3, s) has its meromorphic continuation
in the whole complex s—plane. Therefore both the zeta functions Z (H?:1 P;,03,s)
and Z(P;,3,s) (j =1,...,n) are analytic functions of s in some half planes and
have meromorphic analytic continuations in the whole complex plane.

Here we shall prove a relation concerning the special values at s = 0 of these
zeta functions associated with polynomials.

Theorem. Suppose that P; (j =1,... ,n) are polynomials of r variables with non-
negative coefficients such that P( ) > O for all m € N and the series

(Pj, Bs ) Z n’ Pj(n
neN”

is absolutely convergent for Re s > o; > 0. Then Z(Pj,3;s) (j =1,...,n) as well
as Z(H?:1 P;, 3; s) have their analytic continuations. Furthermore, one has

n 1 n
Z(HPJ767 EZZ j757
j=1 j=1
Let P be a polynomial having the same properties as P; mentioned above. From
the relation
Z(P,B,s —m) = Z nPP™(n)P(n)~%, Res>m+o+|6],
neN”

we can express the special value Z(P,3,—m) in terms of a linear combination of
Z(P,a,0) for various . Indeed if

mp+|3|
XPPM(X)= Y CuX® p=degP(X),
|al=8]
then
mp+|5|
Z(P,B,—m) = Y CaZ(P,a,0).
|al=8]

Thus, such a relation is useful to compute the special values at non-positive integers
of zeta functions associated with polynomials. As applications, we shall give the
formula for special values of Z([]j_, L;,3,s) with L; a linear form

Lj(X):alel-i-...—i—aerr—i—&j, Reaji>0,

as considered by the first author in [6], and the zeta function ((A,z, s) considered
by Shintani [9], defined by

n

(A, x,s) Z Z Ha,ﬂ ni+x1) + ...+ ajr(ny +20)) 0.

n1=0 n,=0j5=1



3220 MINKING EIE AND KWANG-WU CHEN

2. THE PROOF OF THE THEOREM

By Proposition 1, computing Z (P, 3,0) is equivalent to computing the constant
term in the asymptotic expansion at ¢ = 0 of the function

f(Pt) = Z n? exp{—P(n)t}.
neN”
To prove our theorem, we have to consider f([]}_, Pj,t) and f(P;,t) (j = 1,2,...,n)
simultaneously. First we need the following lemmas concerning integrations over
the standard simplex of R™.
Let E™ be the standard simplex in R"™ defined by

E™ = {u: (U1, ..y up) ERMO < u; < 1,Zui = 1}.
i=1
dU = duq - - - dup,—1 is the standard Euclidean measure on E™. Denote by V; =
(1,0,...,0), Vo = (0,1,0,...,0), ..., V, = (0,...,0,1) the vertexes of E,,. For any
positive number h, 0 < h < 1, we let

EP(h) ={u=(u1,...,un) € E"[1 —h <u; <1}.

Lemma 1. Let g be a continuous function on [0,00) and let aq, -+, —1 be non-
negative integers. Then for Res > 0,

/ uft T gy e upe) dug - dug—y
n(h)

n

_ T(s+ai) - -T(s+an-1) /h t(n—l)s+a1+~'+an71—1g(t) dt.
T((n—Ds+ o1+ +an) Jy

Proof. With the change of variables

{t=u1+~~~—|—un_1,

=L  1<j<n-—1.

Then v = (vy, -+ ,v,_1) lies in the standard simplex E"~! and the integral is
transformed into

h
/ ,Uf-l—al—l . U;‘:‘Lt@ltn71—l dV/ t(n—l)s+|a\—lg(t) dt.
En—1 0

Our assertion then follows from a theorem concerning S—functions of several vari-
ables [8]. O

Lemma 2. Suppose that f(u) is an analytic function on the simplex E™ and

1
I‘(S)n—l

Then G(s) has its analytic continuation for Re s > —1 and G(0) = Z?:l F(V;).

G(s) = /n(ul cooun) " f(w)dU,  Res > 0.

Proof. Consider the integral around V; defined by

1

(8) = ——— g )T f(w)dU.
G]( ) F(S)n_l ~/EJ"(h)( 1 ) f( )dU
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Suppose that on E7'(h), f has the expansion
f(u) + 3 Couft - uf T S g
|| >1

Now consider the case j = n. From Lemma 1 and a term by term integration, for
Res > 0,

1 g (n—1)s—1/9 _ 4\s—1
—F((n_l))/ot (1 -ty dt

S+a1 S T(s + o 1)/h —1)st]al— _
+ C t(n )s+]al—1 1—¢)° 1 dt
azm PTG~ o + o) ey

Gn(s) = f(Vn)

In the above expression for G,,(s), write the first term as

V) (Aht(n_l)s_l S0 AU (R dt)

& + f(V; ); /h t(n=1)s—1 [(1 _ t)S—l _ 1} dt
I'((n—1)s+1) "T((n—-1)s) J, '
Hence G, (s) has analytic continuation for Res > —1 and its special value at s = 0

is given by f(V,,).
For the remaining terms, the integrals

= f(Vn)

h
/ t(n—l)s+\a|—1(1 _ t)s—l dt, |a| >1,
0

are convergent for s = 0 and the gamma functions
T(s+a1) - T(s+an-1)
L(s)"=10((n = 1)s + |af)”

are analytic at s = 0 and vanish there. Thus we have

o > 1,

In general, we have
G;(0) = (V).

Note that H(s) = G(s) — Z?:l G(s) vanishes at s = 0 owing to the zero of order
n — 1 from the factor I'(s)'~". Thus

GO)=) Gi(0)=) f(Vj). O
j=1 j=1

Proof of the theorem. The existence of analytic continuations follows from a stan-
dard argument as mentioned before (see also [3]). Here we prove the equality. For
Re s > max(oy,... ,0,), we have

HPj(n)—S[F(S)]n:AOOAm(tltns exp{ ZP t}dtl
:/0 1T dt/n(ul-~~un)5_ exp{—;Pj(n)ujt}dU,
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It follows for sufficiently large Re s,
n Jo%) 1
. _ ns—1 s—1
Z(Jl;[l P;, 3;5)I'(s) = /0 t dtip(s)n—l /n(ul o) T f (u, )dU

where f(u,t) =Y, cnr 1% exp{—>"7_; Pj(n)u;t}. Set

1

F(s,t) = T(o)T / n(ul ooty T f(u, t)dU.

As a function of s, F'(s,t) is an analytic function of s for Re s > 0. By the previous
lemma, F'(s,t) has its analytic continuation for Re s > —1. Furthermore,

F(0,t) = Z Z n? exp{—P;j(n)t}.

j=1neN"

For any € > 0, let L(¢) be the contour in a complex plane consisting of [, +00)

twice in the opposite direction and the circle [t| = € counterclockwise. Then we
have
oo
/ t"s T F (s, t) dt = (e*™5 — 1)/ t" L (s,t) dt+/ t" L F (s,t) dt.
L(e) € |t]=e¢

For sufficiently large Re s, the second integral approaches to zero as ¢ — 0. Conse-
quently for sufficiently small € > 0 and sufficiently large Re s, one has

n 1 -
Z(H Py, B;8)l'(s) = porTTr— /L( )t"s LE(s,t) dt.
i=1 ¢

With the well-known functional equation
T 2mie™s

L(s)I'(1—s) = =

sinws  e2mis — 1’

we rewrite the formula as

n _e2mis _q 1
Z(|| P, Bis) =T(1 —s)e ™ ——— - — "5 T1E (s, 1) dt.
(Jl;[l Jaﬂa S) ( 8)6 egﬂrlns —1 27 /L(E) (Sa )dt

Note that the above contour integral is absolutely convergent for all s, hence it
gives the analytic continuation of Z (H?:l P;,3;s). When s = 0, the integration
along [e, +00) twice in the opposite direction will be cancelled. Hence

1
— t71F(0,t)dt

211 |t|=e¢

Z([[ P, 8:0) =
j=1

Sli= 3=

= — x {the constant term in the
asymptotic expansion of F(0,t) at t = 0}.
On the other hand, we have for Re s > o; + |f],

Z(P;, ;5)'(s) = /000 5! Z n? exp{—Pj(n)t}dt.

neN”
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Hence
Z(P;, 3;0) = the constant term in the asymptotic expansion of
Z n® exp{—Pj(n)t} at t=0.
neNr
Thus our assertion follows. |

Remark. The condition that P;(X) (j =1,...,n) are polynomials of non-negative
coefficients such that P(n) > 0 for all n € N” can be relaxed. Indeed, Re Pj(n) >
0( =1,...,n), along with some convergence condition on the series, is enough
for our purpose.

3. APPLICATIONS

Here we only mention two main applications of our theorem. Other applications
to evaluate the special values of particular zeta functions associated with polyno-
mials are also possible.

Let P(X) be a product of n linear forms in r variables Xy, ... , X, as given by

P(X1,....X,) =
J

(alel + ...+ ajTXT + 5j)
1

n n

1 J

Reaj; >0, Re (5j + Zaji) >0
In [6], the first author considered the zeta function

Z(P,3,s) Z Z nﬁl 0P P(ny,...,n,)"% Res> ——— Tt |6|

ni=1 n,=1 n
and he obtained an explicit expression of Z(P, 3, —m) in terms of polynomials in
Bernoulli numbers defined by

n

oo
B,t
= E |t < 2m.
n!
n=0

As mentioned before, Z (P, 3, —m) is a linear combination of Z ( a, ) 0) for various
a. Also by our theorem, Z(P,«,0) is the average of Z(Lj, «,0), j =1,...,n. So
it suffices to evaluate Z(L;, @, 0) in order to compute Z(P, 3, — )

Here we use the notation from [6] and let JP be the linear extension of
C[Xy,..., X,] to C satisfying

p

p
JPIXP Xl =[] ¢ H EV" Byt

1
i=1 i=1 o+

Proposition 2. Let L(X) = a1z1 +. ..+ a2 + 9 be a linear form with Rea; > 0,
Re(6+>1_, az) > 0. Then the zeta functwn Z(L,a,s) defined by

Z(L,a,8) = Z Zn oond(am + ...+ an. +6)7°, Res>r+|al,

ni=1 n,=1
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has an analytic continuation in the whole complex plane, which is analytic except

for simple poles at s =1,2,... ,r + |a|. Furthermore
Z(L,a,0)= Y JT—P[/ XX, ...dX;)]
{jl,_,_ ,jp} A(le,... 7ij)
where {j1,...,jp} ranges over all subsets of {1,2,...,r} in the summation and
A(Xj,, ..., Xj,) is the domain in RP defined by L(X) > 0,X;, <0,...,X; <0
when the coefficients a; (i =1,...,r) and § are real numbers.

Proof. For Re s > 0, we have
(ainy + ...+ apn,. +6)7°T(s) = / t5"Lexp{—(aini + ...+ a,n, + 6)t}dt.
0
Hence for Re s > r + |af, we have

Z(L,a, s)T(s) = Z no‘/ t*Lexp{—(aini + ...+ an, + 0)t}dt.
0

neN”
0o T 00
= / 57 lem0t H(Z n®ie” ") dt,
0 i=1 n=1

It follows from Proposition 1 that

Z(L,®,0) = the constant term in the expansion at ¢t =0

of the function F'(t) = e 0t H(Z naie—aint)'

i=1 n=1

Note that

e’} z' -1 aiBn zt n—ao;—1
Znaie—aint:a—+ Z ( ) (a ) (Zzl,,'l")
n=1

(ait)oett = o= ne(n—a; = 1)

Thus the constant in F'(¢) is a sum of products of the form
ol EBaena (1)t
(az)*tt (Bi + i +1) - 3! Br1!

|Bl=a1+...4ap+p i=p+1

p
=

1

after a permutation in the index set {1,2,...,r}. Here |8|=0p41+...+0r+Br+1.
On the other hand, an elementary calculation shows that

/ XX, ...dX,
A(X1>”' 7X:D)

ﬁ ;! HZ:p-‘rl X = (apt1 Xpp1 + ..o+ ap Xy )1 FFortp
(a;)>it1 (a1 4 ...+ ap+p)! '

i=1

Thus the one-to-one correspondence between the constant terms in the product
F(t) and polynomials arising from integrations of X% over various simplexes is
clear. Hence our assertion follows. O

As an immediate consequence of our theorem and Proposition 2, we have the
following formula for the special values of Z(P, 8, s) = Z([[j_, L;, 3, s).
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Corollary 1 (Eie [6]). The special value of Z(P,[3,s) at nonpositive integers —m
is given by

Z(P,3, - Z Sooou P/ XPP™(X)dXj, ...dX;,).

j 1{]1)»»»7jp} Aj(le""’ij)

Here in the second summation, {j1,...,jp} ranges over all subsets of {1,...,r}.
The domain of integration Aj(Xj,,...,X;,) is defined by (X;,,...,X;,) € R?,
L;(X)>0,X,, <0,. X i, <0, when the coefficients of L;j(X) are positive

Teal numbers.

The exact same procedure can be used to evaluate the special values of the zeta
function (A4, z,s) considered by Shintani in [9] in order to determine the special
values of Dedekind zeta functions of totally real number fields. Shintani’s formulas
for the special values of ((A, z, s) were improved by the first author in the present
form below [7]. For any r x n matrix A = [a;;] with positive entries and any r-tuple
of complex numbers z = (x1,...,z,). The zeta function (A, z, s) is defined as

r
C(A,z,s) Z ZHaﬂl (ni+21) + ...+ ajr(ny + )] %, Res>g.
n1=0 n,=0j=1

Let By, () be the Bernoulli polynomial defined by By, (z) = >"_ (}) Bn—kz".
For any subset S of I = {1,2,...,r} and polynomial g(u) with variables in

u; | 1€ SYand glu) =3 bo[[ccu, welet
|a|=0 €S i
b a+1($z)

if g(u) = E\pa|:o ba [[;cgui’- When S = ¢, we let Jy[c] = c for any constant c.
Then Shintani’s formula for (A, z,1—m) can be improved by the following.

Corollary 2 (Shintani [8]). For any positive integer m,

C(A,a?,l—m)Z%ZJS Zn:/ Pm_l(u)Hde
S j=1 Ajs(u)

Jgs

Here S ranges over all non-empty subsets of I = {1,2,... 1},

and Aj g(u) is the simplex defined by Aj s(u) : (uj)jgs, uj <0, Lj(u) = ajiur +
R Qjr Uy Z 0.



3226 MINKING EIE AND KWANG-WU CHEN

4. A FURTHER IDENTITY

Let a, 3 > 0 with a3 = 72 and n be a positive integer. Then the following
identity is well known ([1], page 276):

n+1 B . B )
2n 2n+2—2 2 b1k, ik
2 kg Gore o P
1 o0 k—2n—1 B 1 - k_zn_l
- —a—n{§C(2n +1) + Z m} +(=8) n{§g(2n +1)+ Z m}'
k=1 2

Here we extend it to an identity of Bernoulli polynomials.

Proposition 3. For positive numbers o, 8 with o8 = 72 and real numbers u, v
such that 0 < u,v < 1, we have

2 Bop(v) Ban- u)
(23 (222()!) (2;—2;1:1(2;!@ s

k=0

1, = k271 cos(2kmo)[e2kue  e2k(1-we]
=3¢ Z e2ka _ 1

h=1
1 —n = kT2 cos(2kum) [e2R1-vIB - g2kB)
5(_5) e2kB _ 1 !

~ B (v) Ban—2pt1(uw)
om 2k+1 2n—2k+ n—k+1/2 ak+1/2/_1\k
®) 2" D n 3k 1 DI AR

k=0
1 . o k_gn_lsin(Qkﬂ,v)[erua _ e2k(1—u)a]
=—ju Z e2ka _ 1
k=1
1 . oo k—2n—1 sin(2kﬂ.u)[62k(l—v)ﬁ _ e2kvﬁ]
+ 5(—5) Z o2hB _ 1 :

Proof. For the time being, we suppose u,v > 0. For any given € > 0, consider the
zeta function

Z(s) = Z Z [Va(ni +u) + (e +iy/B)(ns +v)]°, Res>2.

ni =0 na =0
Z.(s) has its analytic continuation and its special value at s = —2n is

2n+2

. (2TL)' Bk(U) Ban_k (’LL) n— :
i SR Bt
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by Corollary 2. On the other hand, we set

F.(t) =Y > exp{—[Va(n +u) + (e +iv/B)(n2 + v)t]}

n1:0n2:0
_exp[—(vau + ev +iy/Po)l]
(1 e Vat)(1 — e (ctivh)t)

(¢ — epl=(vau + VB
(1— e Vat)(1 — et -

By Proposition 1, we have

Z.(—2n) = (2n)! x the coefficient of t*" in the asymptotic expansion
at t = 0 of the function F(t).

It follows that for any € > 0, we have the identity

2n+2

2n)! By (v) Boy,_ U - .
ﬁ<i+)w>,;, e e (VO RN

= (2n)! x the coefficient of *" in the asymptotic expansion
at t = 0 of the function F(t).

As € approaches 0, both sides in the formula above converge to nice limits, respec-
tively. Thus we have

2n+2

1 By (v Bn_ u . )
I e LG Ch

t2n

= the coefficient of in the asymptotic expansion

at t = 0 of the function F'(¢)

1 —2n—1
i ., TR

where § is a positive number such that § < min(2y/a, 2¢/3) and the direction on
the circle |z| = § is counterclockwise. By the residue theorem, the contour integral
is equal to

2kmi 2k
- Z { Residue of z7?""'F(2) at z = ﬂ, AT
kEZ k40 Va /B

0 — —_ — y _ .
o 1 1 . k—2n 1(6 2kmiv+2k(1 u)a+62kﬂ-w+2kua)

—_— — —a
2n+1 : 2ka _
2 Vvafi — e 1

1 1 00 k—2n—1(e—2kﬂui+2kﬁv + eZkﬂui+2k(l—v)B)

a0 2 e

}

+

Comparing the real and imaginary parts of the resulted formula, we get our assertion
for u, v > 0.

Note that both sides of the identities in (a) and (b) are analytic functions of u
and v, it holds for v > 0, v > 0, so it also holds for v =0 or v = 0. O
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Remark. When n is a negative integer, we have

1

—2n—1
— F(2)dz=0
2 s z (2)dz

if n < —1 since 2?F(z) is analytic at z = 0. It follows that for 0 < u, v < 1 and

m

> 1,
. 0 J2m—1 COS(2I€7T’U)[62kua +62k(1—u)a]
a Z e2ka _ 1
k=1
B . > k2m—lcos(2kﬂ_u)[e2kuﬁ 4 e2k(1—v)ﬁ]
- (_ﬂ) erg 1

k=1

For the limit case u = v = 0, we have

0 ka— 1 o ka— 1

a™C(1—2m)+2) ok 7 = (=)™ = 2m) + 2y gtk
k=1

k=1

This is equivalent to

as

10.

11.

& k2m—1 & k2m—1 Bom
« ;egka_l _(_6) kzz:legkg_l Z[OZ _(_ﬂ) ] Am

given on page 261 in [1].
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